Introduction
Definition 1. Let a ≥ 1. An a-th stage spectral (cohomological) sequence consists of the following data:
• bigraded objects E r = p,q∈Z E p,q r , r ≥ a • differentials d r : E r → E r such that d r (E p,q r ) ⊆ E p+r,q−r+1 r satisfying H(E r ) = E r+1 , i.e., 
· be a filtered complex (i.e., each object K n in the complex K · is filtered and the differentials of the complex K · respect the filtration). We set Gr
Note that the filtration on K · induces a filtration
⊇ · · · on cohomology in a natural way. Given this setup, one may prove the following.
Theorem 2. Suppose that K
· is a nonnegative filtered complex (i.e., K n = 0 if n < 0). Then there exists a spectral sequence E ). It remains to check the desired properties of these object. We omit this; for details see [3, Ch. XX, Proposition 9.1].
The spectral sequence whose existence is asserted in the above theorem is an example of a first quadrant spectral sequance, by definition a spectral sequence such that E p,q r is zero unless p, q ≥ 0. It is easy to see that in a first quadrant spectral sequence, E p,q r = E p,q r+1 = · · · if r > max(p, q + 1). In the situation of the theorem, this stable value is Gr p H p+q (K · ).
Convergence of spectral sequences
Let E p,q r be a spectral sequence, and suppose that for every pair (p, q), the term E p,q r stabilizes as r → ∞ (a first quadrant spectral sequence, for example). Denote this stable value by E p,q ∞ . Let H n be a collection of objects with finite filtrations
We say that E p,q r converges to H · , and write E p,q r
Example 3. Suppose K · is a nonnegative filtered complex. Then by Theorem 2, we have a convergent spectral sequence
Given this definition of convergence, one is led immediately to ask to what extent the limit of a spectral sequence is determined by the sequence itself. The next two lemmas give some basic though useful results in this direction.
Proof. We prove (1), the proof of (2) being similar. Consider the filtration
Since E p,q ∞ = 0 unless q = q 0 , the only nonzero quotient of this filtration is
The next result shows that in certain cases the form of the filtration on the limit object is determined by the spectral sequence.
is a first quarter spectral sequence, then H n has a filtration of the form
is a third quarter spectral sequence, then H −n has a filtration of the form
A third quarter spectral sequence E p,q r is one in which E p,q r = 0 unless p, q ≤ 0.
Proof. Again we only prove (1), the proof of (2) being similar. We must show that
As E p,q r is a first quarter spectral sequence, 
The spectral sequence of a double complex
In this section, we treat one of the most common ways spectral sequences arise -from a double complex.
To each double complex M , we attach a (single) complex Tot M called its total complex defined by Tot
The differential D on this total complex is given by
is a complex. There are two canonical filtrations on the total complex Tot M of a double complex M given by arising from the construction of the spectral sequence of a filtration is simply given by δ. Example 9. Let R be a ring. In what all follows, all tensor products are taken over R. We shall use the spectral sequences attached to a double complex to show that for R-modules A and B, we have equality of left derived functors
be projective resolutions of A and B, respectively, and consider the double complex P · ⊗ Q · . We use negative indexing on these spectral sequences in order to stay in a cohomological, as opposed to a homological, situation. Then E p,q
p is a projective and hence flat R-module, one can show in an elementary fashion that
Therefore,
In like manner, one computes
Using Lemma 4 and the fact that both of these (third quadrant!) spectral sequences converge to
. Example 10. Let M be an R-module and P · be a nonpositive complex of flat Rmodules (i.e., P p = 0 if p > 0). Again, all tensor products and Tor's are taken over R. The relation between H * (P · ⊗ M ) and H * (P · ) ⊗ M is encoded by a spectral sequence.
Proposition 11. Let M and P · be as above. Then there exists a third quadrant spectral sequence
Proof. Take a projective resolution · · ·
We consider the double complex P · ⊗ Q · and its associated spectral sequences. By the same argument as in the previous example,
Here, we have used the flatness of P · . Therefore, by Lemma 4,
and we have identified the limit term of the spectral sequence whose existence the proposition asserts. Now let us consider the spectral sequence E p,q r . We have E p,q
as Q p is projective and hence flat. Therefore,
This spectral sequence contains much useful information, the extraction of which is the topic of the next section.
Getting information out of spectral sequences
5.1. A universal coefficients theorem. Consider again the situation of Example 10 in the special case where the ring R is a principal ideal domain. In this case, E p,q 2 = 0 unless p = 0, 1. In such a situation, one may apply the following lemma to obtain an exact sequence from the spectral sequence of Proposition 11.
Lemma 12. Suppose E p,q 2 ⇒ H p+q is a third quarter spectral sequence, and that E p,q 2 = 0 unless p = 0, −1. Then we have an exact sequence
Proof. By Lemma 5, the filtration on H −n has the form
Combining this with the fact that
. Now substitute these values in the exact sequence
Proposition 11 and Lemma 12 yield the universal coefficients theorem for homology.
Corollary 13. Let R be a principal ideal domain, and let M , and P · be as in proposition 11. Then for all n ≥ 0, we have an exact sequence
5.2. Edge maps and terms of low degree. Let E p,q 2 ⇒ H p+q be a first quadrant spectral sequence. By Lemma 5, F n+1 H n = 0, implying
For each r ≥ 2, the differential leaving E n,0 r is the zero map. Therefore, we have surjections E 
is also called an edge map. When r = 2 and n is small, we can be more specific about the kernels and images of these edge maps.
Proposition 14 (Exact sequence of terms of low degree). Let E p,q 2 ⇒ H p+q be a first quadrant spectral sequence. Then the sequence
is exact, where d is the E 2 -stage differential and the arrows labelled e are the edge maps described above.
Proof. By Lemma 5, F 2 H 1 = 0. Therefore,
and the edge map E 1,0
is precisely E 0,1
2 ), proving exactness at E 0,1
2 ), completing the verification.
The Grothendieck spectral sequence
Let A, B, and C be abelian categories with enough injectives and let A G → B F → C left exact covariant functors (so we may form their right derived functors). It is natural to ask if there is a relationship between right derived functors of F G and those of F and G. Under a certain technical hypothesis, this relationship exists and is encoded in the Grothendieck spectral sequence.
Theorem 15 (The Grothendieck spectral sequence). Suppose that GI is F -acyclic for each injective object I of A (i.e., R p F (GI) = 0 if p > 0). Then for each object A of A, there exists a spectral sequence
Let C · be a complex and let C · → I ·,0 → I ·,1 → · · · be an injective resolution (i.e., each term of each complex I ·,j is injective).
We shall say that I ·,· is a fully injective resolution of C · if the above complexes are injective resolutions of
, and H p (C · ), respectively. Such things exist:
Lemma 16. Suppose A has enough injectives. Then any complex in A has a fully injective resolution.
Proof. [3, Ch. 20, Lemma 9.5] Sketch of proof of Theorem 15. Let A be an object of A, and let 0 → A → C · be an injective resolution of A. Let I ·,· be a fully injective resolution of GC · . We examine the spectral sequences associated to the double complex F I ·,· . We have
, by Lemma 4. To complete the proof, it suffices to show that E p,q 2
Using the fact that everything in sight is injective, one may show that
as desired.
Example 17 (Base change for Ext). Let R → S be a ring homomorphism (endowing S with an R-module structure) and let A be an S-module. Let G = Hom R (S, −) and 
t t t t t t t t Ab
where Ab, f * and Γ denote the category of abelian groups, sheaf pushforward, and the sections functor, respectively. It is well known that the category of sheaves of abelian groups on a topological space has enough injectives. Also, f * and Γ(Y, −) are left exact, covariant functors. We claim that f * sends injectives to injectives (and thus, to Γ(Y, −)-acyclics). To see this, we shall use the following useful lemma.
Lemma 18. Let G : A → B and F : B → A be covariant functors. Further suppose that F is right adjoint to G and that G is exact. Then F sends injectives to injectives.
Proof. Let I be an injective object of B. We must show that Hom(F I, −) is exact. Let 0 → A → A → A → 0 be an exact sequence in A. The the by the exactness of G, the sequence 0 → GA → GA → GA → 0 is exact. By the injectivity of I, the sequence 0 → Hom(GA , I) → Hom(GA, I) → Hom(GA , I) → 0 is exact. The adjointness property of F and G completes the argument.
